In this paper, the control of chemical chaotic dynamical system is investigated by time-delayed feedback control technique. The controllability and the stability of the equilibriums and local Hopf bifurcation of the system are verified. Some numerical simulations which show the effectiveness of the time-delayed feedback control method are provided.
Introduction
In recent years, chaos in control systems and controlling chaos in dynamical systems have both attracted growing attention [1] . A chaotic system has complex dynamical natures such as excessive sensitivity to initial conditions, broad spectrums of Fourier transform, and fractal properties of the motion in phase space [2] . Due to its powerful applications in power conversion, chemical reactions, biological systems, information processing and secure communications, etc. [1] , chaos control has seen a great deal of research activities from various fields [3−9] . Chaos is sometimes undesirable. In many cases, we wish to avoid and eliminate such behaviors. Recently there are numerous techniques to control chaos such as method presented by Ott et al. [3] , active control [10] , observer-based control [11] , feedback and non-feedback control [11−14] , inverse optimal control [15] , adaptive control [16, 17] , etc. In 2005, Huang and Yang [18] found a chaotic attractor from the following chemical system ⎧ ⎪ ⎨ ⎪ ⎩ẋ
where α1, α4, α5, k−1 and k−5 are all positive constants. When α1 = 30, α4 = 16.5, α5 = 10, k−1 = 0.415 and k−5 = 0.5, system (1) is chaotic (see Fig. 1 ).
The main objective of this paper is to guide the chaotic trajectories for a chemical system to unstable equilibrium points or unstable periodic orbits by applying the feedback control technique. In contrast to the formal control methods mentioned above, since the formal control methods are based on the invariant manifold structure of unstable orbits, the feedback control method is more simple and convenient to control chaos in continuous dynamical systems. Thus it fast experimental systems. In addition, we shall point out that although there are many papers which deal with the problem of chaos control, very few focus on chemical chaotic systems. We believe that the investigation into chaos control of the chemical system can give some information for practical design and achieve better performance in some specific applications.
Controlling chaos
In this section, we shall apply the conventional feedback technique to the dynamical system (1). Our aim is to drag the chaotic trajectories to the equilibrium or periodic orbits. Following the idea of Pyragas [19] , we add a time-delayed force k[x1(t) − x1(t − τ )] to the first equation of system (1), then system (1) takes the form
where k is a real constant. It is easy to see that if the conditions
are satisfied, then system (2) has a unique positive equilib-
, where
Linearized system of (2) around
whose characteristic equation is given by
where
Next, we will focus on the distribution of roots of the transcendental equation (4).
Lemma 1.
For the transcendental equation [20] When τ = 0, (4) becomes
All roots of (5) have a negative real part if the following conditions hold
Then the equilibrium point E1(x * 1 , y * 1 , z * 1 ) is locally asymptotically stable when the conditions (H1) and (H2) hold. For ω > 0, iω is a root of (4) if and only if
Separating the real and imaginary parts gives
It follows from (6) that
which is equivalent to
where p = m Denote z = ω 2 , then (7) becomes
We shall employ the ideas of [21−23] to investigate the distribution of zeros of (4). We assume that |m0| < |n0|.
Since limt→+∞ h(z) = +∞ and h(0) = r = m 2 0 − n 2 0 < 0, then (8) has at least one positive real root. Without loss of generality, we assume that (8) has three positive roots, denoted by ω k (k = 1, 2, 3) . Then by (6), we derive
where k = 1, 2, 3; j = 0, 1, · · · , and
Then ±ω k i is a pair of purely imaginary roots of (4) when
The above analysis leads to the Lemma as follows. Lemma 2. If (H1-H3) hold, then all roots of (4) have negative real parts when τ ∈ [0, τ0), and (4) admits a pair of purely imaginary roots ±ω k i when τ = τ k | < ε. Substituting λ(τ ) into the left hand side of (4) and taking derivative with respect to τ , we have dλ dτ
Then
We assume that the following condition holds.
According to above analysis and the results of Kuang [24] and Hale [25] , we have Theorem 1. 
Numerical simulations
In this section, we now carry out some numerical simulations work (using Matlab dde23) to verify the analytical predictions obtained in the previous section. As an example, we consider the following delayed feedback control system with the parameters α1 = 30, k−1 = 0.415, α5 = 10, α4 = 16.5, k−5 = 0.5, then system (2) becomes
(13) System (13) has a positive equilibrium E (10, 12.85, 13) . From Theorem 1, we know that when k > 9.35, the characteristic (4) always has roots with positive real parts for all τ 0. Thus, for the purpose of controlling chaos, we consider k < 9.35. In particular, we let k = −8. It is easy to obtain that (H1-H3) are satisfied. Take j = 0 for example, by some computation by means of Matlab 7.0, we get ω0 ≈ 0.4478, τ0 ≈ 0.6. Thus the equilibrium E(10, 12.85, 13) is asymptotically stable for τ < τ0 ≈ 0.6 and unstable for τ > τ0 ≈ 0.6 which is shown in Fig. 2 . When τ = τ0 ≈ 0.6, (13) undergoes a Hopf bifurcation at the equilibrium E(10, 12.85, 13), i.e., a periodic solution of small amplitude occurs around E (10, 12.85, 13) when τ is close to τ0 = 0.6 which can be seen in Fig. 3 . In addition, we find that the varying initial values have no effect on the stability and Hopf bifurcation behavior of system (13) . (10, 12.85, 13) . The initial value is (10, 10, 13) showed that under the conditions (H1-H3), the chemical system is asymptotically stable for τ ∈ [0, τ0) and unstable for τ > τ0. If (H1-H4) are satisfied, a sequence of Hopf bifurcations occur near the equilibrium E(x * 1 , y * 1 , z * 1 ), i.e., a family of periodic orbits bifurcate from the the equilibrium E(x
